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Let M  5. For any odd prime power q and any prime   q, we
show that there are at least (lnM)/(ln5) + 1 pairwise coprime
D ∈ Fq[T ] which are square-free and of odd degree  M , such
that  does not divide the class number of the complex quadratic
functions ﬁelds Fq(T )(
√
D)/Fq(T ).
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1. Introduction
Let Fq be a ﬁnite ﬁeld of size q. Denote by k the rational function ﬁeld Fq(T ), and set Ok = Fq[T ].
A ﬁnite ﬁeld extension K/k is called a function ﬁeld over k if Fq is algebraically closed in K , in other
words if K \ k contains no element that satisﬁes a monic polynomial over Fq . Given such a function
ﬁeld K/k, denote by OK the integral closure of Ok in K . It is a Dedekind domain; its ideal class group
is a ﬁnite Abelian group whose size, denote by h(OK ), is called the class number of OK . If there is no
confusion about the ﬁeld extension K/k with respect to which we take the integral closure OK , we
will call h(OK ) the class number of K . The extension K/k corresponds to a geometrically irreducible
curve XK /Fq plus a ﬁnite geometric cover XK→P1Fq , and the class group of OK is closely related
to the Jacobian of XK /Fq , cf. [14, Prop. 14.1]. For any ﬁxed integers d > 0, g > 0 and m > 2, apply
the Weil conjecture to the moduli space of genus g Jacobians over Fq with a level m structure and
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S. Wong / Journal of Number Theory 130 (2010) 2332–2340 2333we see that as q→∞, there should2 be function ﬁelds K/k with [K : k] = d, genus(XK ) = g such that
gcd(m,h(OK )) = 1. However, if we ﬁx q, it is not immediately clear from this heuristic that we can
ﬁnd K/k with gcd(m,h(OK )) = 1 and [K : k] bounded and for which XK has unbounded genus.3 For
any integers m,n > 1, Pacelli et al. [8] prove that there exists a set of primes p with positive density
such that, for any r > 0, there are inﬁnitely many function ﬁelds K/Fpr (T ) with [K : Fpr (T )] = n and
with gcd(m,h(OK )) = 1. However, this set of primes has density < 1 and depends on m and n. In
this paper we adopt a classical argument from number ﬁelds to prove a uniform indivisibility result
for quadratic function ﬁelds. Given a non-square, non-constant polynomial D ∈Ok , we say that the
quadratic function ﬁeld k(
√
D )/k is complex if either deg D is odd or if the leading coeﬃcient of D
is not a square in Fq , otherwise we say that it is real (cf. [14, p. 213]).
Theorem. Let M  5. For any odd prime power q and any prime   q, there are at least lnMln5 + 1 pairwise
coprime D ∈ Fq[T ] which are square-free and of odd degree M, such that  does not divide the class number
of the complex quadratic functions ﬁelds Fq(T )(
√
D )/Fq(T ).
Remark 1. Since there are a bounded number of monic polynomials in Ok of a given degree, and since
the polynomials in the theorem are square-free, the genus of the quadratic function ﬁelds furnished
by the theorem is unbounded as M goes to inﬁnity.
Remark 2. For number ﬁelds of a ﬁxed degree d and Galois group G and for any prime  not divid-
ing #G , the Cohen–Lenstra heuristic [4–6] furnishes a conjectural density for the number of the such
ﬁelds with a prescribed Sylow -subgroup. For quadratic function ﬁelds this has been settled with
respect to a given Sylow -subgroup by the recent works of Achter [1] (for ﬁxed genus and large q)
and of Ellenberg et al. [11] (for ﬁxed q and large genus). Compare to these results, our theorem is
weaker in that the number of ﬁelds we produce is much smaller, but it is stronger in that our lower
bound is uniform in q and .
2. Quadratic forms over Fq[T ]
Gauss developed the arithmetic theory of positive deﬁnite binary quadratic forms over Z, and it
is a classical fact that the equivalence classes of such forms of a given discriminant D < 0 are in
bijective correspondence with the ideal classes of the order Z[√D ]. Byers [2] extended Gauss’ work
and several related results to binary quadratic forms over Fq[T ] for odd q. In this section we recall
these results, which are the key tools to the proof of our theorem. To simplify the notation, for any
f ∈ Fq[T ] we set | f | := qdeg f . For the rest of the paper we will take q to be a power of an odd
prime.
A binary quadratic form over Ok = Fq[T ] is an expression of the form
Q : Ax21 + Bx1x2 + Cx22
where A, B,C ∈ Fq[T ] for which its discriminant Q := B2−4AC is non-zero. We say that Q is deﬁnite
if either degQ is odd or if the leading coeﬃcient of Q is not a square in Fq . Since q is odd, the
correspondence Q → M(Q ) := ( A B/2B/2 C ) is a bijection between binary quadratic forms and symmetric
matrices with non-zero determinants. Two quadratic forms Q 1, Q 2 are said to be equivalent if and
only if M(Q 2) = PtM(Q 1)P for some matrix P ∈ SL2(Ok). Note that equivalent quadratic forms have
the same discriminant. The following result generalizes Gauss’ reduction theory to binary quadratic
forms over Ok .
2 It would of course require a non-trivial amount of work to make this argument rigorous, cf. [1,11].
3 Recall that the genus plays the role for function ﬁelds analogous to that of the discriminant for number ﬁelds.
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(a) Every binary quadratic form overOk is equivalent to a reduced form, i.e. a form A′x21 + B ′x1x2 +C ′x22 overOk for which
∣∣B ′∣∣< ∣∣A′∣∣ ∣∣C ′∣∣.
(b) The number of equivalent classes of binary quadratic forms of a given non-zero discriminant , denoted
by hform(), is ﬁnite.
Denote by  the discriminant of a deﬁnite quadratic form over Ok; in particular,  is not a square
in Ok . Write  = f 2′ with f ,′ ∈ Ok and ′ square-free. Then O := Ok[
√
 ] is an order in
Ok[
√
′ ], the ring of integers of k(√′ )/k. Denote by I(, f ) the group generated by the fractional
ideals of O prime to f , and by P (, f ) the subgroup of I(, f ) generated by those principal frac-
tional ideals prime to f .
Proposition 2. Denote by  the discriminant of a deﬁnite quadratic form overOk.
(a) The quotient group I(, f )/P (, f ) is a ﬁnite Abelian group. Its size, denoted by horder(), is equal to
1
2hform().
(b) We have the relation
horder() = horder
(
′
)| f |∏
π | f
(
1−
(
′
π
)
1
|π |
)
, (1)
where the product is taken over all non-constant, monic irreducible divisors π ∈Ok of f , and ( π ) is the
Legendre symbol.
(c) If  ∈Ok is square-free then horder() = h(Ok(√)).
Sketch. (a) In the case of square-free  ∈Ok , this is stated in [3, p. 235] with a brief indication of
how to prove this by modifying the classical argument over Z. This classical argument for general
(i.e. non-square), negative  ∈ Z furnishes an explicit bijection between equivalent classes of deﬁnite
binary quadratic forms of discriminant  < 0 and the ideal classes of the ring class group of the
order Z[√ ] (see [7, p. 137] for a modern treatment). This correspondence carries over verbatim to
non-square  ∈ Ok (recall that  is the discriminant of a deﬁnite form), the only difference being
that, unlike the number ﬁeld case, we cannot choose a canonical square-root of
√
 by ‘picking out
the one in the upper half complex plane’, thereby resulting in the extra factor of 1/2 above.
(b) The standard argument for computing the size of ring class groups of complex quadratic num-
ber ﬁelds [7, p. 146] applies verbatim to complex quadratic function ﬁelds, noting that since  is not
a square, k(
√
)/k is a complex quadratic function ﬁeld, so by the S-unit theorem for function ﬁelds
[14, p. 243] the only units in Ok[
√
′ ] and in Ok[
√
 ] are F×q .
(c) If  is square-free, then in the notation preceding the proposition we have f = 1, and the
quotient group I(,1)/P (,1) is precisely the ideal class group of the maximal order Ok(√) . 
In the course of his investigation on elliptic functions, Kronecker discovered several remarkable
formulae expressing certain sums of class number of imaginary quadratic orders in terms of divi-
sor functions; cf. [9, p. 105] for a historical survey. Subsequently he gave a purely arithmetic proof
of these formulae using the theory of quadratic forms [13]. Byers [2] generalized these results to
quadratic forms over Ok; for simplicity we will state Byers’ results only in the case we need to prove
our theorem.
S. Wong / Journal of Number Theory 130 (2010) 2332–2340 2335Proposition 3. (See Byers [2, Thm. 13].) Let  ∈Ok be a polynomial of odd degree 2r + 1. As R run through
all polynomials inOk of degree r (not necessarily monic and including 0), we have the relation
∑
deg Rr
hform
(
R2 − )= 2 ∑
monic D|
deg D>r
|D|.
Remark 3. A modern interpretation of Kronecker’s class number relations is that they are the Selberg
trace formula for genus zero modular curves. This suggests the possibility of proving a version of By-
ers’ class number relation using Drinfeld modules. This has been carried out by J.-K. Yu [16, Thm. 4.3]
in odd characteristics; his formula closely resembles but is slightly different from that of Byers, per-
haps not unlike the classical situation where the same technique yields several similar but different
class number relations.
3. Explicit analytic estimates
In this section we give several basic analytic estimates in connection with the arithmetic of Ok .
These are all well known and elementary; our (small) contribution lies in making explicit (but not
optimal) the error terms. Recall that q 3.
Lemma 1. Denote by An the set of irreducible, degree n monic polynomials inOk. Then
∣∣∣∣#An − qnn
∣∣∣∣ 32 q
n/2
n
.
Proof. This is a slight reﬁnement of the argument in [14, p. 14]. Denote by μ the Möbius function.
Using either generating functions [14, p. 13] or by factoring cyclotomic polynomials [10, p. 568], we
obtain the classical relation #An = 1n
∑
d|n μ(d)qn/d . In particular,
∣∣∣∣#An − qnn
∣∣∣∣ qn/2n +
∑
d|n,d3
d sq-free
qn/d
n
. (2)
For n 6, the sum on the right side is
 q
n/3
n
+
∑
1δ n5 	
qδ
n
 q
n/3
n
+ q
n/5	+1 − 1
n(q − 1)
 q
n/3
n
+ q
n/3 − 1
2n
<
3qn/3
2n
since q 3 and n 6.
Thus for n 6, the right side of (2) is  q
n/2
n + 3q
n/3
2n = q
n/2
n (1+ 3/2qn/6 ) 32 q
n/2
n . If n = 3 or n = 5 then the
sum on the right side of (2) is q/n, and the sum is zero if n = 4 or n 2, and the lemma follows. 
Fix a,m ∈Ok with degm > 0 with gcd(a,m) = 1. Deﬁne
SN(a,m) := #
{
π ∈ AN : π ≡ a (modm)
}
,
2336 S. Wong / Journal of Number Theory 130 (2010) 2332–2340and set
φ(m) = |m|
∏
π |m
π monic, irr
(
1− 1|π |
)
.
We will need to make use of the following effective form of Dirichlet’s theorem on primes in arith-
metic progressions over Ok .
Proposition 4. For a,m ∈Ok with degm > 0 and gcd(a,m) = 1, we have the estimate
∣∣∣∣#SN(a,m) − qNφ(m)N
∣∣∣∣
⎧⎪⎨
⎪⎩
(
degm
N + 3/2φ(m)N + 1N )q
N
2 for all N  1,
(
degm
N + 3/2φ(m)N + 1
Nq
1
2
)q
N
2 for N = 3. (3)
Proof. Modulo the explicit constants this is well known; we will indicate the changes needed to be
made to make the constants effective and refer to read to [14, p. 40ff] for details.
For each character χ (mod m), deﬁne
L∗(u,χ) :=
∞∏
d=1
∏
π∈Ad
π m
(
1− χ(π)ud)−1.
For the identity character χ0 we have [14, p. 41]
L∗(u,χ0) = 1
1− qu
∏
π |m
(
1− udegπ );
take logarithmic derivative and we see that
u
d
du
L∗(u,χ0) =
∞∑
N=1
(qu)N −
∑
π |m
degπ
∞∑
i=1
ui degπ
=
∞∑
N=1
uN
(
qN −
∑
π |m
{
degπ if degπ |m
0 otherwise
})
.
Thus
∣∣cN(χ0) − qN ∣∣ degm. (4)
By [14, Prop. 4.3], if χ = χ0 then L∗(u,χ) is polynomial in u of degree  degm − 1, and by the Rie-
mann hypothesis for curves, the roots αi(χ) of this polynomial have absolute 1 or
√
q; the analogous
logarithmic derivative calculation now gives (cf. [14, p. 41])
∣∣cN(χ)∣∣ (degm)qN/2 for χ = χ0. (5)
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cN(χ) =
∑
i,π
i·degπ=N
degπ · χ(π)i = N
∑
degπ=N
χ(π) +
∑
d|N
dN/2
∑
degπ=d
χ(π)N/d. (6)
Lemma 2. The double sum in (6) has absolute value  qN/2 for all N  1, and  q for N = 3.
Proof. The double sum is empty if N = 1, and for N  2, each inner sum has absolute value  #Ad .
Apply Lemma 1 and we see that the double sum has absolute value

∑
d|N,1dN/2
#Ad. (7)
Every degree 1 polynomial is irreducible, so #A1 = q (this is the only case where the trivial estimate
#Ad  qd is sharper than Lemma 1). In particular, the double sum has absolute value  q qN/2 if N
is prime. In the case N = 3 we will use the sharper bound  q for the lemma.
For N = 6, use #A1 = q and use Lemma 1 to bound A2 and A3, we see that (7) is  13q3 + 12q3/2 +
1
2q
2 + 3.52 q, which is < qN/2 for q  3. For N = 4, the same argument gives  12q2 + 3.52 q, which is
< qN/2 for q  5. From the relation #An = 1n
∑
d|n μ(d)qn/d we see that #A2 = 3 when q = 3, so the
double sum for N = 4 and q = 3 is  3+ 3 = 6 < 3N/2. All together, this shows that the lemma holds
for N  7. To handle the case N  8, note that for x > 1,
∑
d|n,1dn/2
xd
d
 x
n/2
n/2
+
∑
1dn/3	
xd  2x
n/2
n
+ x
n/3	+1 − 1
x− 1 
2xn/2
n
+ x
(n/3)+1
x− 1 . (8)
Apply Lemma 1 to (7) and we get that the double sum has absolute value at most
∑
d|N,1dN/2
qd + 1.5qd/2
d
 2q
N
2
N
+ q
N
3 +1
q − 1 +
3q
N
4
N
+ 1.5
√
q√
q − 1q
N
6 by (8)
 q N2
(
2
N
+ 3
3− 1
1
qN/6
+ 3
NqN/4
+ 1.5
√
3
(
√
3− 1)qN/3
)
 q N2
(
1
4
+ 3/2
q4/3
+ 3/8
q2
+ 3.55
q8/3
)
since N  8
 q N2
(
1
4
+ 1.5
34/3
+ 3/8
32
+ 3.55
38/3
)
< q
N
2 since q 3,
and the lemma follows. 
We now resume the proof of Proposition 4. Combine (6) and Lemma 2 and we see that for χ = χ0,
we have
∣∣∣∣cN(χ) − N ∑
degπ=N
χ(π)
∣∣∣∣ qN/2. (9)
By orthogonality of characters, we get
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N
φ(m)
− 1
φ(m)
∑
χ =χ0
χ(a)cN (χ)
= N
φ(m)
∑
π∈AN
∑
χ
χ(a)χ(π) − q
N
φ(m)
− 1
φ(m)
∑
χ =χ0
χ(a)cN(χ)
= N
φ(m)
∑
χ
∑
π∈AN
χ(a)χ(π) − q
N
φ(m)
− N
φ(m)
∑
χ =χ0
χ(a)
∑
π∈AN
χ(π)
− 1
φ(m)
∑
χ =χ0
χ(a)
(
cN(χ) − N
∑
π∈AN
χ(π)
)
. (10)
Note that the third term in (10) cancels the ﬁrst term there except for the contribution coming from
χ = χ0, so this becomes
1
φ(m)
(
N · AN − qN
)− 1
φ(m)
∑
χ =χ0
χ(a)
(
cN(χ) − N
∑
π∈AN
χ(π)
)
. (11)
By Lemma 1, the ﬁrst term in (11) has absolute value  32
qN/2
φ(m) , and by (9), the second term has
absolute value  qN/2 for all N  1. Thus for all N  1,
∣∣∣∣N · #SN(a,m) − qNφ(m)
∣∣∣∣ 1φ(m)
∑
χ =χ0
∣∣cN(χ)∣∣+ 3
2
qN/2
φ(m)
+ qN/2

(
degm + 3/2
φ(m)
+ 1
)
qN/2 by (5). (12)
Divide both sides by N and we get the N  1 estimate in the proposition. For N = 3, upon using the
stronger estimate in (2) to bound the second term in (11), we can replace the third term on the right
side of (12) by q, and we are done. 
Corollary 1. For any a,m ∈Ok with degm > 0 and gcd(a,m) = 1, if N  (−1+4degm) then SN (a,m) > 0.
Proof. For any N  1, Proposition 4 says that SN (a,m) > 0 if
qN/2 > (1+ degm)φ(m) + 1.5. (13)
Since φ(m) < qdegm and since q 3, (13) would follow if
qN/2−degm > (1+ degm) + 1.5/3degm.
This holds for degm 2 and q 3 if N  (−1+ 4degm), so the corollary holds for degm 2.
Now, take degm = 1, so φ(m) = q − 1. If N  4 then (13) holds for q  3, so SN (a,m) > 0 for all
N  4. For N = 3, the second bound in Proposition 4 gives
3 · S3(a,m) q
3
3(q − 1) −
(
q3/2
3
+ 1.5q
3/2
3(q − 1) +
q
3
)
.
The right-hand side is positive for q 3, so S3(a,m) > 0 as well, and we are done. 
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Proposition 5. For any irreducible polynomial  ∈Ok of degree 2r + 1 and for any prime   q, there exists a
quadratic function ﬁeld K/k such that
(a) the discriminant of K/k dividing R2 −  for some R ∈Ok with deg R  r, and
(b) h(OK ) is not divisible by .
Proof. We follow the argument in Hartung [12]. Since  is irreducible, recall Proposition 2(a) and we
see that Byers’ formula (Proposition 3) becomes
∑
deg Rr
horder
(
R2 − )= qdeg.
In particular, for any prime   q there exists at least one R ∈Ok of degree  r such that
  horder
(
R2 − ). (14)
Now, write R2 −  = ′ f 2 with ′ , f ∈Ok and ′ square-free. Apply Proposition 2(b), noting that
in the expression (1), | f | times the product over π is an integer, and we get   horder(′). Recall
Proposition 2(c) and we are done. 
We have now collected all the ingredients needed to complete the proof of the theorem. Thanks
to Proposition 5, it suﬃces to show that for any ﬁxed prime   q, the union over all m of the set of
quadratic ﬁelds furnished by Proposition 5 is inﬁnite.
Fix a prime   q. Suppose we have a collection D1, . . . , Dn of pairwise coprime, square-free, non-
constant polynomials in Ok such that, with Ki := k(
√
Di ), the class number h(OKi ) is not divisible
by  for every i; we take K1 = k(
√
T ). Denote by Di ∈Ok the discriminant of Ki/k; by the previous
sentence, we have deg D1 = 1. By the Chinese remainder theorem, we can an element an ∈Ok which
is a quadratic non-residue modulo every monic, Ok-irreducible factor of every Di ; in particular, an is
coprime to every Di . Let Nn+1 be the unique odd integer determined by the conditions
0 Nn+1 −
(
−1+ 4
n∑
i=1
deg Di
)
 1. (15)
Thanks to Corollary 1, we can ﬁnd an irreducible n+1 ∈ SNn+1 (an, D1 · · · Dn). It has odd degree Nn+1,
so Proposition 5 furnishes a complex quadratic function ﬁeld Kn+1/k whose discriminant Dn+1 satis-
ﬁes
R2 − n+1 = δ2Dn+1 (16)
for some δ, R ∈Ok and where deg R < 12 degn+1 (since degn+1 = Nn+1 is odd). If there exists i  n
such that gcd(Dn+1, Di) is divisible by some monic, irreducible π ∈Ok , then (16) would imply that
n+1 ≡ R2 (mod π), contradicting our choice of n+1 (and an). Thus gcd(Dn+1, Di) = 1 for every
i  n, whence by induction, D1, . . . , Dn+1 are pairwise coprime. In particular, Kn+1/k = Ki/k for every
i  n. It remains to count the number of such ﬁelds. For n > 0, we have
2340 S. Wong / Journal of Number Theory 130 (2010) 2332–2340deg Dn+1  degn+1 by (16)
(
recall that deg R <
1
2
degn+1
)
= Nn+1  4
n∑
i=1
deg Di by the upper bound in (15).
Recall that deg D1 = 1 and we check, by induction, that deg Di  di for every i  1, where {di}i
is the sequence of integers deﬁned by d1 = 1 and dn+1 := 4∑in di for n > 0. Note that if n > 0
then dn+2 = 4dn+1 + 4∑in di = 5dn+1; by induction we get dn = 4 · 5n−2 for every n  2. Thus for
n  2, we have found at least n pairwise coprime, square-free polynomials Di ∈ Ok of odd degree
 4 · 5n−2 < 5n−1 such that the class number of k(√Di )/k are prime to , and the theorem follows.
Remark 4. Wang and Yu have derived a class number relation for complex quadratic function ﬁelds
in even characteristics [15, Thm. 5.3]. Their formula, similar to that of Byers, involves both the class
numbers of orders of separable quadratic extensions of Fq(T ) and the class numbers of orders of
Fq(
√
T ), the unique inseparable quadratic extension of Fq(T ). For any odd prime , we can apply their
formula à la Proposition 5 to produce quadratic orders whose class numbers are prime to . However,
we cannot rule out the possibility that the class numbers so identiﬁed all come from inseparable
orders, in which case we would always end up with the same ﬁeld Fq(
√
T ), making it impossible to
prove an even characteristic version of our theorem using the method in this paper.
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